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1 Introduction 

We fix once for all 

n, keN, n>2, k>l. 

Here N denotes the set of natural numbers including 0. Then we denote by 
N(2k,n) the set of all multi-indexes a = (ai, . . . ,a n ) G N™ such that \a\ = 
cti + • • • + a n < 2k. We denote by R(2k, n) the set of the functions a = 
( a a) a eN(2k,n) from N(2k, n) to R. We note that R(2k, n) can be identified with 
a finite dimensional real vector space. Accordingly we endow R(2k, n) with the 
corresponding Euclidean norm |a| = {J2aeN(2k n) a a) 1 ^ 2 - Then we set 

S R {2k,n) 

= |a = {a a ) aeN(2k ^ n) G R(2k, n) : ^ a a C ^ for all £ G R" \ {0} 

\a\=2k 

We note that S^(2k, n) is an open non-empty subset of R(2k, n). Then, for each 
a G S'ii(2k,n) we denote by L[a] the partial differential operator defined by 

L[a]= a <* d "l--- d Z 

a£N(2k,n) 

(see also Section [2] below) . So that, L[a] is a real constant coefficients elliptic 
partial differential operator on R ra of order 2k. 

The aim of this paper is to show the construction of a function S such that 

S is a real analytic function from S R (2k, n) x (R™ \ {0}) to R ; (1) 
S(sl 1 ■) is a fundamental solution of L[a] for all a G S , R (2k, n) . (2) 

Condition ([2]) means that 5 (a, •) defines a locally integrable function on R™ such 
that L[a]S'(a, •) = Sq in the sense of distributions on R™, where 6q denotes the 
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delta Dirac distribution with mass at 0. Also, we wish to investigate regularity 
properties in the frame of Schauder spaces and jump properties of the single 
layer potential corresponding to the fundamental solution S(a, •). 

In Theorem l6.1l below we introduce a function S which satisfies the conditions 
in ([1]) and d2). Then, in Theorem 16.21 we provide a suitably detailed expression 
for S. In particular, we show that there exist a real analytic function A from 
#ij(2fcj n) x <9B„ x 1 to E, and real analytic functions B and C from <ou(2k, n) x 
R n to R such that 

S(a, as) = \x\ 2k -' n A(a, x/\x\, \x\) + log |x| B(a, x) + C*(a, x) (3) 

for all (a,x) £ # R (2fc,n) x (R™ \ {0}), where B and C are identically if 
the dimension n is odd. The functions A and B play an important role when 
we consider the regularity and jump properties of the single layer potential 
corresponding to S"(a, •). Therefore, we investigate the power series expansion 
of A(a,8,r) with respect to the "radius" variable r and of B(a,x) with respect 
to the spatial variable x (cf. Theorem 16 . 21 below) . Then we pass to consider the 
principal term Lo [a] of L [a] . Namely, we set 

L [a]EE J2 M£...a£ (4) 

|ct|=2fc 

for all a £ ^i{(2fc, n) (see also Section [2] below) . In Theorem 16.31 we show that 
there exists a real analytic function So from S , u(2k, n) x (R™\{0}) to R such that 
So (a, •) is a fundamental solution of Lo[a] for all a £ <§B,{2k, n). We also provide 
an expression for So in terms of the coefficients of the power series expansion of 
the functions A and B which appears in <j3j) . 

Then we turn to consider the single layer potential corresponding to the 
fundamental solution S(a, •). To do so, we fix once for all 

meN\{0} and A e]0, 1[. 

Then we fix a set f2 such that 

fl is an open bounded subset of R™ of class C m ' X . 

For the definition of functions and sets of the usual Schauder class C h,x , with 
ft g N, we refer for example to Gilbarg and Trudinger [12j §4.1 and §6.2]. Then 
we denote by v[a, /j] the single layer potential with density /i E C rn ^ 1 ' X (dft) 
corresponding to the fundamental solution S(a, •), a 6 (oji(2k,n). Namely, 
v[a, fi] is the function from R" to R defined by 

v[a,fj](x)= [ S(a,x-y)n(y)da y Vx e R" , (5) 
Jan 

for all a £ $n(2k,ri) and all /i £ C m ~ 1,x (dft), where 9f2 denotes the boundary 
of f2 and da denotes the area element on dil. In Theorem 17.11 we show that 
v[a, /i] is a function of class C 2k ~ 2 on R". In Theorem 17.61 we show that the 
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restriction of v[a, /i] to the closure of is a function of class (j m+2k ~ 2 - > ' and the 
restriction of v\a, /i] to K™ \ f2 belongs to (j m+2k ~ 2 ' X in a local sense which will 
be clarified. However, the derivatives of order 2k — 1 of v[a, fj](x) with respect 
to the spatial variable x are not continuous on W 1 and display a jump across 
the boundary of fi. In Theorem 17.81 we describe such a jump property. 

We observe that the construction of the function S presented here is based on 
the construction of a fundamental solution provided by John in [141 Chapter III] . 
Moreover, the result which we show in Theorem 16.11 resemble those which were 
proved by Treves in [35] and by Mantlik in [3U1 HI] ■ We also note that Treves 
and Mantlik consider more general assumptions on the operators. However, 
our result is not a corollary and differs from those of . Indeed, the joint real 
analyticity of S(a, x) upon the variables a g £n(2k,n) and x G M" \ {0} does 
not follow by Treves and Mantlik results. Also, the suitably detailed expression 
which we provide for S in Theorem l6.2l cannot be deduced by Treves and Mantlik 
results (see also equality ©). 

It is also worth noting that in case of operators of order 2, the real ana- 
lytic function S which we introduce here is of the type considered by Lanza de 
Cristoforis and the author in [Jj. Accordingly, one could verify real analyticity 
results for the (joint) dependence of the single layer potential v [a, [i] upon per- 
turbations of the variables a and fi and upon perturbations of the "shape" of 
the support of integration 9fi (cf. [7J Theorem 5.6], see also [HI Theorem 5.1]). 
Then, one could exploit such results to analyze the dependence of solutions of 
boundary value problems upon perturbations of the domain of definition and of 
the coefficients of the corresponding operators. This program has been carried 
out for boundary value problems for the Laplace operator by Lanza de Cristo- 
foris (cf., e.g., [E1IT7], see also Lanza de Cristoforis and Rossi [HI [19]) and for 
the equations of linearized elasticity (cf. [5]). This paper can be considered as 
a first step to generalize such an approach to the case of general elliptic partial 
differential operators with real constant coefficients. Also, the construction of 
the function S presented here can be extended to the case of partial differential 
operators with complex or quaternion constant coefficients (cf. [8]) and to the 
case of particular systems of differential operators (cf. [5]). 

The paper is organized as follows. In Section [5] we introduce some standard 
notation and we recall a classical result on real analytic functions. In Section [3] 
we define the Giinter tangential derivative 3>g on the boundary of the unit ball 
B„. Then we prove some standard properties of Stg. Sections[4]and[5jare devoted 
to analysis of some auxiliary functions and are therefore rather technical. In 
Section 3] we consider a function v which is solution of the equation L[a]w = 1 
and which vanish together with its derivatives of order < 2k — 1 on a hyperplane 
of R™. In Section we introduce the auxiliary functions Wq, W\, and W%. We 
show that one can exploit Wo, W±, and Wjj to define a distribution S a which is a 
fundamental solution of the operator L[a] (cf. Proposition [OJ- In Section [5] we 
are ready to introduce our functions S and Sq and we prove our main Theorems 
I6.1H6.21 and !6.31 We observe that in Theorem l6.1l we verify that the distribution 
S a of Section [5] coincides with the distribution defined by the function S(a,-). 
In the last Section [Jj we consider the single layer potential v[a, /i] and we prove 
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Theorems 1 7 . 1 U 7 . 6l and 17.81 where we investigate regularity and jump properties 
of i? [a, fi], 

2 Some notation and preliminaries 

For standard definitions of calculus in normed spaces, we refer, e.g., to Cartan 
[2, and to Prodi and Ambrosetti 24j. We understand that a finite product of 
normed spaces is equipped with the sup-norm of the norm of the components, 
while we use the euclidean norm for R n . 

For all x £ R ra , Xj denotes the j-th coordinate of x, \x\ denotes the euclidean 
modulus of x, and B„ denotes the unit ball {x £ R™ : |x| < f }. A dot '•' 
denotes the inner product in R™ . If A" is a subset of R n , then clX denotes the 
closure of X and dX denotes the boundary of A". If O is an open subset of R™, 
and / is a function from O to 1, and x £ O, then the partial derivative of / 
with respect to Xj at x is denoted by d Xj f(x). Then d x f(x) = d x ^ . . . d"™f(x) 
for all multi-index a = (a%, . . . , a n ) £ W l and d x f(x) denotes the column vector 
{d Xl f{x), ■ ■ ■ ,d Xn f(x)). If h £ N, then the space of the h times continuously 
differentiable real- valued functions on O is denoted by C m (0). The subspace 
of C h {0) of those functions / whose derivatives d x f of order \a\ < h can be 
extended to a continuous function on clO is denoted C' l (clO). 

The space ofnxn real matrices is denoted by M n (R) . If M £ M n (R) then 
M* denotes the transpose matrix of M . 

For the definition and properties of analytic operators, we refer to Prodi and 
Ambrosetti (231 P- 89] and to Deimling [9j p. 150]. In the sequel we shall need 
the following classical lemma. 

Lemma 2.1. Let h%,h 2 £ N\ {0}. Let X C M. hl , y C R h2 . Assume that y 
is compact. Let t be a finite measure on the measurable subsets of y. Let f be 
a real analytic function from X x y to R. Let F be the function from X to R 
defined by F{x) = Jy f(x, y) dr y for all x £ X . Then F is real analytic. 

Here, we understand that a function / defined on subset X of a Banach space 
is real analytic if / is the restriction to A" of a real analytic function defined on 
an open neighborhood of X . 

3 The Giinter tangential derivative on dM n 

Let O be an open subset of a Banach space B. Let g be a real analytic function 
from dM n x O to R. Then, by definition of analyticity there exist an open 
neighborhood U of dM n in R™ and a real analytic map G from U x O to R 
such that g = G\q^xO ( see also Section [2]). The j-Giinter tangential derivative 
09^(9, b) of g at (9, b) £ <9B„ x O is defined by 

n 

% ]9 (9,b) ee (d Xj G){9,b)-9 j J2^l(9 Xl G)(9,b) (6) 

i=i 
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for all j G {1, . . . ,n} (cf., e.g., Giinter [T3], Kupradze et al. [15], Duduchava et 
al. [10]). As is well known, @g g(6, b) does not depend on the particular choice 
of the extension G and of the open neighborhood U (see Giinter [13] Chap. 1]). 
Then we denote by @gg(9, b) the column vector (@g 1 g(9, b), . . . , 3)g n g(9, b)) and 
we define %g(9, b) = %l . . . ®g*g(0, b) for all a G N n . By definition © one 
deduces the validity of the following lemma. 

Lemma 3.1. Let O be an open subset of a Banach space B. Let g be a real 
analytic map from dM n x O to R. Let a £ N n . Then S>gg is real analytic from 
dM n xO to M. 

Proof. If U is an open neighborhood of <9B„ and G from U x O to R is real 
analytic, then the map from U x O to C which takes (a;, &) to 

n 

(d Xj G)(x,b)-XjJ2 Xl (d xl G)(x,b) 
i=i 

is real analytic for all j G {1, . . . , n}. Then the validity of the lemma follows by 
^ and by a standard induction argument. □ 

Let now / be a real analytic function from <9B„x]0, +oo[ to R. Let j G 
{1, . . . , n}. Then we observe that 

d Xj (f(x/\x\,\x\)) =^A9ej)(x/\x\,\x\) + ^(d r f)(x/\x\M) Va;eR n \{0}, 

(7) 

where d r f denotes the partial derivative of / with respect to the variable in 
]0,+oo[. 



4 The auxiliary function v 

As a first step in the construction of our real analytic function S as in (fTJ), 
([2]), we will show in this section the existence and uniqueness of a real analytic 
function v from S' R (2k,n) x R" x dM n xRtol such that L[a]u(a, x, t) = 1 
for all (a, G S B {2k,n) x R n x dM n x R and <9>(a, x, £, i) = for all 

(a, G £ R (2k,ri) x R" x 9B„ x R with x ■ £ = t and all a G N" with 
| a | < 2fc — 1. Then we will investigate some properties of such a function v. 

We introduce the following notation. If a = (a a ) aeN ( 2 k,n) £ <^R.(2fc, u), then 
we set 

P[a](0=P[a](6,...,U= E «^r---C", 

ck=(cki,. ..,a n )£N(2k,ri) 

ft[a](0=i%[a](^,...,e n )s E oa^.-.e- 

q=(oi,...,[>„)£N" , |a|=2fc 

So that, P[a] is a real polynomial in n variables of degree 2k and Po[a] is the 
homogeneous term of P[a] of degree 2k (the so-called "principal term" of P[a]). 
Then we have the following lemma. 
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Lemma 4.1. Let a= (a<a.)aeN (2k,n) £ d>n(2k,n). Let 
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PER and P >1+ . y lal - 2k ' \ "' . (8) 
mf £e9 B„ |Po[aJ(£)| 

Lei D p e {z e C : \z\ < p}. Let u a be the function from R™ x <9B„ xliol 
defined by 

vjp, U) = ^~. f d C V(x, e, i) G K" x 9B n x R , (9) 

where i denotes the imaginary unit, namely i 2 = — 1, and where denotes the 
complex vector (C£i, ■ • ■ , ££«)• -ffere we understand that the line integral in ([9]) 
is taken over the parametrization pe ls , s G [0,27r[. 

Then w a is £/ie unique real analytic function from R™ x dM n x R to R such 
that L[a]v a (x, f, *) = E| Q |<2fc a a d^v a (x, f , f) = 1 /or o// (ac, £, *) G R™ x <9B„ x R 
and <9> a (a;, £, i) = for all (x, £, t) G R" x <9B„ x R rwtfi x-£ = t and all a G N" 
win |a| < 2fc - 1. 

Proof. By the membership of a in #ij(2fc, n) one deduces that 

inf |P [a](OI>0. 



NowletC G C\{0}and£ G <9B„. Assume that P [a] = 0. Then P [a](£)C 2fc = 
-(P[a](CO - Po[a](CO) and thus C - -E|«|<afc-l a a ^C^ k '^ / P Q [ a }(0- It 
follows that either \(\ < 1 or \(\ < Yl\ a \<2k-i a a|/|P)[ a ](C)|- Thus condition 
||5J| implies that \(\ < p and one concludes that the polynomial P[a](££) has no 
complex zeros ( outside of the open disk Dp, for all £ G <9B„. Then Lemma HOI 
and standard calculus in Banach space imply that the function w a defined by ([9]) 
is real analytic from R™ x dM n x R to R. A straightforward calculation shows that 
L[a]e( x '«-*)^ = Y,\ a \<2k a * d x e{x< ~ tK = P[&](C0- Then > b y standard theorems 
on differentiation under integral sign and by Cauchy integral formula one has 

1 C L[al (e&'t-W) 1 f 1 

L[a]<; a (*, Lt) = — r l ](m 1 d( = ^~ 7 d C = 1 (10) 

2tt* Jdo p C-P[aJ(C£) 2m J dBp ( 

for all (x,$,t) G R" x <9B„ x R. By the equality e^ - *^ = J2T=o ( x ' £ ~ ^^/f- 
and by standard theorems on summation under integral sign one has 

vJx,^,t) = y^^^-(x-^-ty V(x, f , i) G R" x <9B„ x R (11) 
j=o ■' ' 

with 

MO = / t^tt d C V£ e 9B„ , j e N . (12) 
2tt« Jan p P[aJ(C£) 

Now let £ G <9B„. Let g 5 (C) = 1/P[a](£/C) for all ( G C. Then g e is holomorphic 
in a open neighborhood of {z G C : \z\ < l/p} and by Cauchy integral formula 



6 



one verifies that Oj(£) = (l/j'!)(9^)(0) for all j G N (cf. equality (TT2])). One 
deduces that 

o^Oel V£g<9B„,jgN (13) 

and that 

a, =0 Vj G {0, 1, ... ,2k — 1} , 024(0 = l/.Po[a](0 V£ G 5B„ . (14) 

Then, by the equalities in (TTU)) . (TTTj) . and (fill , and by standard calculus in 
Banach space one verifies that L[a]w a (a;, £, t) = 1 for all (x, f, t) G R" x 9B n x R 
and that dgv a (x,£,t) = for all (x,£,i) £ R" x 9B„ x R with x ■ £ = t 
and all a € N™ with |a| < 2fc — 1. The uniqueness of the function v & is an 
immediate consequence of Cauchy-Kovalevskaya Theorem. The statement is 
now proved. □ 



We are now ready to show in the following Proposition ^. 21 the existence and 
uniqueness of the auxiliary function v. 

Proposition 4.2. There exist a unique real analytic function v from S R ^2k, n) x 
R" x <9B„ x R to R such that L[a]«(a, x, f, t) = P[a](d Xl d Xn )v(a, x, £,t) = 1 
for all (a,x,f,f) G <g R {2k in ) x R" x 5B„ x R and d%v(a,x,£,t) = for all 
[a,x,£,t) G £ R {2k,n) x R" x <9B„ x R with x ■ £ = t and for all a G N n with 
\a\ <2k-l. 



Proof. We set 
^;(2fc,n) 



[a G S R {2k,n) : £ |a a | < I and inf |P [a](0| > (1/0 } 



|a|<2fc-l 



for all Z G N \ {0}. Then it is easily verified that S' R j(2k,n) is an open 
subset of £ R {2k,n), that U / ~ 1 ^? R , ; (2fc, n) = S R {2k,n), and that £ Ri i(2k,n) C 
# R ,/+i(2fe,n) for all Z G N \ {0}. Now let Z G N \ {0} be fixed. ' Let Pl = 
1 + I 2 and D Pi = {z G C : \z\ < pi}. Let vi denote the function from 
£ R ,l(2k, n) x R" x <9B„ x R to R defined by 

vi(a, x,£,t) 

1 r e (*-f-t)C (15) 
" 1 d( V(a, x, £, t) G <^R j ;(2fc, n) x R™ x <9B ra x R . V 7 



2™ y aDp; CP[a](C0 

One verifies that 

Pi>l+ V |o |/ inf P [a](0 Va G # fl> ; (2fc, n) . 

|a|<2fc— 1 

Then P[a](C0 ^ for all C e C with |£| = Pl and all (a,£) G § R ,i{2k,n) x <9B„ 
(see also the proof of Lemma 14.11) . Thus, Lemma 12.11 implies that vi is real 
analytic from £ R ^i{2k,n) x R" x <9B„ x R to R. Moreover, Lemma |4~T1 implies 
that is the unique real analytic function from S' R ^(2k, n) x R™ x <9B„ x R to R 
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such that L[a]uj(a, x, f, t) = 1 for all (a, x, £, t) 6 & R ,i(2k, n) x R™ x <9B„ x R and 
such that <9> ; (a, ac, = for all (a, x, £, i) € £ R ,i(2k, n) x R™ x dB„ x E with 
x ■ ^ = t and for all a G N™ with |a| < 2k — 1. Hence i>z(a, a;, £, t) = u/< (a, £, t) 
for all (a,x,£,i) G £ R ,i{2k,n) x R™ x <9B n x E and all 1,1' G N \ {0} such that 
I < I'. Thus we can define the function v from & R (2k, n) x E™ x <9B„ x R to R by- 
setting v(a, x, £, i) = uj(a, x, £, i) for all (a, x, £, f) G S R .i{2k, n) x R" x <9B„ x R 
and all / e N \ {0}. Then v satisfies the conditions in the statement of the 
proposition. □ 

In the following Propositions 14.31 and 14.41 we investigate some further prop- 
erties of the auxiliary function v. 

Proposition 4.3. Let v be the function from § R {2k,n) xl"x dM n x R to R 
of Proposition \4-2\ Then there exists a unique real analytic function w from 
S R {2k, n) x dM n x R to R such that v(a, x, £, t) = (x •£ - t) 2k w(a, £, x •£ -t) for 
all (a,x,£,i) G S R {2k,n) x R™ x dM n x R. 

Proof. Let v be the function from S R (2k, n) x 9B„ x R to R which takes (a, £, t) 
to u(a, £, t) = w(a, 0,£, — t). Then w is real analytic from S R {2k,n) x dM n x R 
to R and a straightforward verification shows that 

u(a, x, £, t) = C(a, £, x • £ - t) V(a, x, £, t) G <fti(2fc, «■) x K " x <9B„ x R 

(see also ([15])). Hence <9/{J(a, £, 0) = for all (a,£) G S R {2k,n) x <9B„ and j G 
{0, . . . ,2k — 1}. Then, by standard properties of real analytic functions one can 
prove that there exists a unique real analytic function w from <S R (2k, n) x 9B„ x R 
to R such that v(a,f,i) = i 2fe w(a, £, for all (a,£,t) G S R (2k,n) x <9B„ x R. 
The function w satisfies the conditions in the statement. □ 

Proposition 4.4. Let v be the function from $ R {2k,n) xR"x 9B„ x R to R of 
Proposition ^.^ Then there exists a sequence {ojjjeN of real analytic functions 
from £ R {2k, n) x <9B„ to R such that 



via, x, £, t) = V ., (a; ■ £ - V(a, x, f , i) G S R {2k, n) x R" x <9B„ x R , 

( 4 n I 



where the series converges absolutely and uniformly in the compact subsets of 
S R {2k,n) x R n x <9B„ x R. Moreover, a s = for j < 2k - 1 and a 2fc (a,£) = 
1/P [a](0 for all (a,£) G ^(2fc,n) x SB„. 

Proof. Let <S' R j(2k,n), pi, D Pi , be defined as in the proof of Proposition 14.21 
for all I G N\{0}. Let 



Then Oj,i(a,£) G R for all (a,£) G £ Rt i{2k,n) x 9B„ and j,I £N, I> 1 (cf. ([T2j) 
and (11311 ). Moreover, by arguing so as in the proof of Proposition 14.21 one 



oo 




V(a, £) G d? Rt i(2k, n) x dM n , jsN. (16) 
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verifies that the functions a,j t i are real analytic from $R t i(2k,n) x <9B„ to E 
for all j,l G N, Z > 1. By the membership of a in <f>nj(2k,n) one proves that 
|-P[a](COI ^ (! + i 2 ) 2 * -1 !- 1 for all C G <9D ft , £ G 9B„. Then, by definition ([11]) 
and by a straightforward calculation one verifies that 

K,(a,OI < Z(l + Z 2 ) J ' +1 ~ 2fe V(a,0 6ft,i(2M)xaBn. (17) 

Thus, by (fT5|) . by the inequality in (|17[) . and by a straightforward calculation 
one can prove that 

vi (a, a;, £, t) = ^ ^li^llj ( x . £ _ fp" V(a, x, £, * ) G (2fc, n) x M™ x 5B„ x E, 

3=0 3 ' 

for all Z G N \ {0}, where the series converges absolutely and uniformly in the 
compact subsets of <^R^(2k, n)xl"x <9B„ x E. Since «j(a, a;, £, t) = uj/(a, x, £, i) 
for all (a, x, £, t) G £ R ,i(2k, n) x E" x <9B„ x E and all Z, /' G N \ {0} with Z < Z', 
one deduces that a,jj(a, £) — ajy(a,£) for all (a, £) G S'n i i(2k,n) x <9B„ and all 
j, Z, Z' G N with 1 < Z < Z' (cf. proof of Proposition 14. 2[) . Hence, one can define 
the function a,j from S > n(2k, n) x <9B„ to E by setting a,- (a, £) = a 3j ;(a, £) for all 
(a, £) G (?R,/(2fc,ri) x <9B„ and all I G N \ {0}. Then the sequence of functions 
{a?}j£N satisfies the conditions in the statement of the proposition (see also 

(HI). □ 



5 The auxiliary functions Wo, W\, and W2 

We denote by W 0) W x , and W 2 the functions from S R {2k,n) x (E" \ {0}) to E 
defined by 

Wo (a, re) = , i*. / / u(a,x,£,t)sgn* eftdo* , (18) 
Wi(a,x) = - 1 / u(a,x,e,0)log|x^| da f , (19) 
w(* \- 1 /" r ^(a,*,e,*)-«(a,x,e,0) ^ 

for all x G E ra \ {0} and all a G <f>n(2k, n), where p n = 1 if n is odd and p„ = 
if n is even and where v is the function of Proposition 14.21 

In the following Proposition 15 . II we construct by means of the functions Wo, 
Wi, and Wi a particular fundamental solution S a for the partial differential 
operator L[a], a G $n(2k,n). The validity of Proposition 15.11 follows by the 
results of John in [Ml Chap. 3]. For the sake of completeness we include here a 
proof. 

Proposition 5.1. Let S a be the distribution on E™ defined by 

S a =p„A(" +1 )/ 2 W (a, •) + (1 -p n )A"/ 2 (Wi(a, .) + W 2 (a, •)) . (21) 
Then 5* a is a fundamental solution of the operator L[a]. 
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Proof. Let a £ d?n(2k,n) be fixed. Note that the functions Wo (a, •), Wi(a, •), 
and W2(a, •) extend to continuous functions on the whole of R™. Accordingly 
the expression in the right hand side of (|2"TT) defines distribution on R ra . 

Now assume that the dimension n is odd, so that p n = 1. By standard 
theorems on differentiation under integral sign one verifies that 

dgW (a,x) = 1 / f dZv(a,x t £,t)8i&tdtdvt Vx e R" \ {0} , 

for all a € N n with |a| < 2k (see also Proposition 14. 2[) . Note that the function 
®x Wo (a, •) extends to a continuous function on the whole of R™ for all a € N n 
with |a| < 2k. Moreover, one has 

1 f (_l)(»-l)/2 

La Wo (a, a;) = — r — T \x-^\da £ = -. v rrrr N ( 22 ) 

LJ v ' ; 4(2^)™"! i aBri 1 Sl 4 2" 7 r("- 1 )/ 2 ((n - l)/2)!' 1 v ' 

for all x G R™ \ {0} (cf. John QH P- 9]). Thus L[a]W (a, •) and the function 
in the right hand side of (|2"21 define the same distribution on R™. Hence, the 
distribution L[a]Wo(a, •) is a fundamental solution of A^ ,l+1 ^ 2 (see, e.g., John 
[HI p. 44]). It follows that 

L[a](A(" +1 V 2 W (a, .)) = A (" +1 )/ 2 (L[a] W (a, ■)) = 5 

in the sense of distributions in R". Thus A(™ +1 )/ 2 W (a, •) is a fundamental 
solution of L[a] and the proposition is verified for n odd. 

Now assume that the dimension n is even and p n = 0. Denote by W3 the 
function from R" \ {0} to R defined by 

W 3 (a,x) = -j-K- [ [ v{<L,x,Z,t)tlog\t\dtdos VxeR"\{0}. 

(ZTTt) J gBn Jq 

Then by the classical theorem on differentiation under integral sign one verifies 
that 

^W 3 (a,x) = --i- / f ^„(a, a;, £,t)t log |f I dtda e Vx € R" \ {0} 
{2m) n Job„ Jo 

(23) 

for all a € N n with \a\ < 2k (see also Proposition I4.2[) . Note that the function 
9"W3(a, ■) extends to a continuous function on the whole of R™ for all a G W 1 
with |a| < 2k. Moreover, a straightforward calculation shows that 



L[a]W 3 (a,x) 

1 f I 

= — 7777. — ; — t I {x ■ £) 2 log \x ■ f I dcrt + —— — - , v , .. 

2(2^)«-iy aBn V qj 61 51 { 4(2vrz)»-i J 9Mn " 4 (24) 

(_l)(«/2)-l 



2»+ 1 7T»/2( n /2) 



I (x ■ O 2 log \x • £| dtrt + J. [ (x ■ O 2 da s 
x\ 2 \og\x\+c n \x\ 2 VxeR"\{0}, 
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where c n is a real constant which depends only on n (cf. John [141 p. 9]). 
Thus L [a] W3 (a,-) and the function in the right hand side of (|24|) define the 
same distribution on K™. Hence the distribution L[a]W3(a, •) is a fundamental 
solution of A("/ 2 ) +1 (see, e.g., John QH P- 44], also note that A<>/ 2 ) +1 |a:| 2 = 0). 
Moreover, by Proposition 14.41 one verifies that 

<9>(a, x, £, t) = (-l) H r<9i Q| v(a, x, f , t) V(x, £, f)eK"x <9B„ xl, aeff". 
Hence, equality (|2"51) implies that 

AW3(a,z) = -—Lr / [* (d?v(<L,x,Z,t))tlo g \t\dtdos Vx 6 R™ \ {0} . 



(27Ti) n 



(25) 

Then, by integrating by parts the integral in the right hand side of (|25|) one 
deduces that 

AW 3 (a,x) =- j- 1 / u(a,x,£,0)log|x-£| dcr 4 

1 f f x< v{a,x,^,t) -v(bl, x,Z,0) dt 



1 



(2?ri) r 

So that 



«(a,a;,^0) d£7 £ Vi e R" \ {0} 



Wi(a,a:)+Wa(a,a:) = AW 3 {a,x) + — i- / «(a, x, £, 0) VxeR"\{0}. 
We now observe that 



L[a] 



— — — / v(a, x, £, 0) dat 



Wx e 



where s n denotes the n — 1 dimensional measure of 9B n . Hence, L[a](Wi(a, •) + 
W^(a, •)) differs from L[a](AW3(a, •)) by a constant function. It follows that 

L[a]A"/ 2 (^ 1 (a,-) + ^ 2 (a,.)) 

= L[a]A("/ 2 > +1 V^ 3 (a, •) = A(™/ 2 > +1 L[a] W 3 (a, •) = 6 

in the sense of distributions in R n . Thus A"/ 2 (Wi(a, •) + W 2 (a, •)) is a funda- 
mental solution of L[a] and the proposition is verified also for n even. □ 

In the following Proposition 15.21 we investigate some further properties of 
the functions Wo, W\, and W2. 

Proposition 5.2. There exist real analytic functions A and from £n(2k, n) x 
<9B„ xlio M, and real analytic functions and from §R{2k, n) xl" to R 
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such that 

W ( a ,x) = \x\ 2k + 1 A*( a ,x/\x\,\x\), 

W^x) = |aT| 2fc A*(a, a:/|a;|, |a:|) + log |a;| S B (a, x) , 

W 2 (a,x) = C s (a,x), V(a,x) G £ R {2k,n) x (E™ \ {0}) . 

Moreover, d*B(a, 0) = for all a G S R {2k, n) and all a G N™ wit/i |a| < 2fc - 1. 
Proof. Let A ti be the function from S R {2k, n) x 5B„ xKtol defined by 

A\ a ,6,r)= 1 / r 5 (0-e- S ) 2 ' £ W (a,e,r(0-e- S ))sgn S d S ^ 

(26) 

for all (a, 9, r) G <§ R {2k,n) x <9B„ x R, where it) is as in Proposition 14.31 Then, 
by definition (fT5)) , by equality v(&, x,£,t) = (x ■ £ — t) 2k w(a., £, x ■ £ — t), and by 
a straightforward calculation one verifies that 

M^ (a,x) = |:r| 2fc+1 ,4 b (a,z/M,M) V(a,x) G <? fl (2fc,n) x (E" \ {0}) . 

We now show that A b is real analytic from S R {2k,n) x <9B„ x E to E. By 
changing variable of integration in the inner integral in (|26j) one obtains 



1 



n—p n 



(9 ■ £) 2fe+1 (1 - t) 2k w (a, £, r(0 • 0(1 - *)) sgn(0 • dt da e 

(27) 



Then one introduces a new variable of integration £' instead of £ in (|26p by a 
suitable orthogonal substitution. Let rj be an arbitrary chosen unit vector and 
consider 9 restricted to the half sphere 

8B+ V = {9e dM n : 9 ■ 77 > 0} . (28) 

Let T n denote the real analytic matrix valued function from SB+ to M n (E) 
with (j, fc) entry T^j/c defined by 

T f , Jk (d)=8 Jh +2d jVk - ( 9+ ^ + 1l)k WedB+ v . (29) 

One verifies that T v (9) is an orthogonal matrix and that T r) (6) t 9 = rj for all 
G dE+ n . In particular, ■ T n (9)C =vC for all £' G E n and all dB+ v . Then, 
by taking £ = T v (9)£' in (|2T|) one obtains 



1 



A >' °' '> = 4(2^ U J W ^ T ^'^ ' ~ ')) 
x (r ? -£') 2fc+1 (l-«) 2fc sgn(r 7 -e') dado* 
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for all (a, 9, r) G S R {2k, n) x dM+ n x R. Observe that the map from <9B„ x [0, 1] 
to R which takes (£' ' ,t) to (77 • £') 2k+1 {l - t) 2k sgn(rj ■ £') is bounded, so that 
the measure (ry • £') 2k+1 (l — t) 2k sgn(i] ■ ^')dtda^i on the compact set dM n x 
[0, 1] is finite. Moreover, by standard properties of real analytic functions one 
shows that the map from S R {2k, n) x SB+ x R x <9B„ x [0, 1] to R which takes 
(a, 6, r, i) to u> (a, T v (6)£' , r(ry • £')(1 — t)) is real analytic. Hence, Lemma |2~T1 
implies that the restriction of the function A' to <S R {2k,n) x <9B+ ?) x R is real 
analytic. Since 77 is an arbitrarily chosen unit vector of R™, it follows that A b is 
real analytic from S R {2k, n) x <9B„ x M to R. 

Now consider the function W\. Denote by A$ and B* the functions from 
S R {2k,n) x dM n x R to R and from £ R (2k,n) x R n to R, respectively, defined 

by 

A»(a,g,r) = - 1 / ^a,£,r(^))(^e) 2fc log|0-£|d<r S 

for all (a,6»,r) G # fl (2fe,n) X 5B n x R, and 

B»(a,a;) = - 1 / »(a, x, £, 0) V(a, 6>, r) G S R (2k, n) x R" , 

where v and w are as in Propositions 14.21 and 14.31 Then, by definition (fT5|) . 
by equality v(a, x, £, t) = (x ■ £ — t) 2k w(a, £,x • £ — t), and by a straightforward 
calculation one verifies that 

Wi(a,a:) = |a;| 2fc A B (a,x/|x|,|x|)+log|a;|B B (a,x) V(a,x) G ^(2*, n)x(R n \{0}) . 

By Lemma [2.11 one proves that B* is real analytic from S' R (2k 1 n) x R™ to R. 
Then, by equality d«v(a, 0,£,0) = for all (a,£) £ £ R {2k,ri) x <9B„ and all 
a 6 N n with \a\ < 2k — 1 (cf. Proposition 14.21) . and by standard theorems 
on differentiation under integral sign, one shows that d%B*(a,0) = for all 
a G § R (2k 1 n) and all a G N" with \o\ < 2& — 1. Now one has to prove that 
A' is real analytic from ig R {2k, n) x <9B„ x R to R. To do so, fix a unit vector 
77 G dM n . Then verify that 

A»(a,fl,r) = - 1 f w (a,T 1) (^',r(r 7 -r))( ? 7-r) 2 ' c log|77-e'|^e 

for all (a, 0,r) G S' R (2k,n) x 9B+ x R, where T v (6) is the orthogonal matrix 
introduced in (|29p . The map from <9B„ to R which takes £' to (77 ■ £') 2fe log 
is bounded, so that the measure (r]-£,') 2k log \r)-£'\ d<r^/ on the compact set <9B„ is 
finite. Moreover, by standard properties of real analytic functions one can verify 
that the map from S' R (2k,n) x 0B+ x R x <9B„ to R which takes (a, 6, r, £') 
to u;(a, T v (8)£' , r(r) ■ £')) is real analytic. Hence, Lemma [2.11 implies that the 
restriction of the function A' to S' R (2k,n) x cffi+ x R is real analytic. Since 
77 is an arbitrarily chosen unit vector of R™, it follows that A$ is real analytic 
from S R {2k, n) x dM n x R to R. 
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Finally consider the function W?.. Let v be the function from tt>n(2k,n) x 
R n x <9B„ xltol defined by y(a, x, £, *) = («(a, x, £, t) - u(a, x, £, 0))/t for all 
(a, x, £,t) e $n(2k, n) x R™ x 9B„ x R. Then, by standard properties of real 
analytic functions one shows that u is real analytic from S R {2k, n) x R ra x <9B„ x M 
to R. Now set 

C tt (a,a;) = - 1 / / (x • f)«(a, a;, £, (x • f)s) efcr^ 

for all (a, x) G £n(2k,n) x R". Then Lemma [2TT1 implies that C" is real an- 
alytic from <c?f{(2fc,n) x R™ to R and a straightforward calculation shows that 
W 2 (a,x) = C(a,as) for all (a, a) £ ^ fl (2jfe,n) x (R™ \ {0}). □ 



6 The functions S and Sq 

In the following Theorem 16.11 we introduce a real analytic function S which 
satisfies the conditions in (JlJ and ((2]). 

Theorem 6.1. Let S be the function from £ R (2k, n) x (R™ \ {0}) to R defined 
by 

S(a,x) =p„A(" +1 )/ 2 W (a,x) + (1 - p„)A n / 2 (Wi(a, x) + W 2 (a, x)) 

/or all (a, a;) £ S R (2k, n) x (R™ \ {0}). Then S is real analytic from ^n{2k,n) x 
(R™\{0}) toM., S(a, •) is a locally integrable function onR" for alia. £ $n(2k,n), 
and S*(a, •) is a fundamental solution of the operator L[a] for all a £ S R (2k, n). 

Proof. Proposition 15.21 and standard properties of real analytic functions imply 
that S is real analytic. Then, by Proposition 15.21 and by a straightforward 
calculation one verifies that 5 (a, •) is a locally integrable function on 1" for 
all a G S > n(2k,n). Hence 5(a, •) defines a distribution on R". Finally, by 
Proposition 15.21 and by a standard argument based on the divergence theorem 
one verifies that 5(a, •) = p„A(™ +1 )/ 2 Wo (a, ■) + (l-p n )A n / 2 (W 1 (a., -) + W 2 (a, •)) 
in the sense of distributions on R™. Hence Proposition ^ . 1 1 implies that S(&, •) = 
S* a , and thus S(a, •) is a fundamental solution of L[a] for all a g S'ji(2k, n). □ 

In Theorem 16.21 here below we provide a detailed expression for S. 

Theorem 6.2. Let S be as in Theorem \6.1\ Then, there exist a real analytic 
function A from S R {2k 1 n) x dM n x R to R, and real analytic functions B and 
C from S R (2k,n) xl" to R such that 

S(a, x) = \x\ 2k - n A(a : x/|x|, |x|) + log |x| B(a, x) + C*(a, x) (30) 

for all (a, x) £ S , R(2k,n) x (R" \ {0}). The functions B and C are identically 
if n is odd and there exist a sequence {/j}jeN of real analytic functions from 
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and 



A(a,0,r) = £V/j-(a,0) V (a, 0, r) 6 S R {2k,n) x 9B„ x R, (31) 
B(a,a;)= ^ 6a(a)x a V(a, cc) G # R (2fc, n) x M", (32) 



\ot\ >sup{2/e— 71,0} 



where the series in (1311) and (|32[) converge absolutely and uniformly in all com- 
pact subsets of <o R (2k,n) x <9B n x K and of <o R (2k,n) x K™, respectively. 

Proof. One proves the theorem separately for n odd and n even. First assume 
that n is odd. By Proposition 15.21 one has Wo(a,x) — |x| 2fe+1 ^4 b (a, x/\x\, \x\) 
with A b real analytic from £ R {2k,ri) x dB n x I to R. If h G { 1 , . . .,n}, then 
one verifies that 



<W (a,x) = \x\ 2k A^ h {a,x/\x\,\x\) V(a,a:) G <^(2fe,n) x (M n \ {0}) , 



where J 4 t> ' /l is the function defined by 

A b ' fc (a, 0, r) = (2k + l)^A b (a, 0, r) + h rcU b (a, 0, r) + % h A\a, 0, r) 

for all (a,0,r) G S R {2k,n) x dB„ x K (see also ©). Observe that A b > ,t is real 
analytic from S'(2k,n) x 9B„ x R to 1 (see also Lemma |3.1[) . Then, by an 
induction argument on the order of differentiation one proves that there exists 
a real analytic map A from S(2k, n) x dM n xltol such that 

M n +V/ 2 W (a,x) = \x\ 2k ~ n A( & ,x/\x\,\x\) V(a, x) G <? fl (2k, n) x (R™ \ {0}) . 

Hence, equality (|30[) for n odd holds with £? = and C = (cf. Theorem 16. ip . 
To complete the proof for n odd one has to show the existence of the family of 
functions {fj}jeN as m the statement. By Proposition 14.41 by definition (fT5j) . 
by the inequality in (|17[) , and by the dominated convergence theorem, one has 



for all (a,x) G S R {2k,n) x (M™ \ {0}) and j G N. Let A) be defined by 



Wo(a,.T) = ]T W 0)i (a,a:) 



V(a,x) G <ffl(2fc,n) x (K n \ {0}) 



with 





(33) 
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for all (a,0) G S , R {2k,n) x B„ and j £ N. Then 

Wojfax) = |.TP +1 4(a,x/|x|) V(a,a;) e«&(2fc,n) x (R™ \ {0}) , jsfi. 
We show that Aj is real analytic. Let 7] G 9B n . Then, one verifies that 



^ ' y 4(27rf)»-i y 9B „ C7 + 1) 

for all (a,0) G #ij(2fe,n) x OT+ and all j 6 N, where 1^(0) is defined as in 
(see also (|28p). Hence, by Lemma T2.ll by the boundedness of the function 
which takes £' G 3B„ to (77 • sg 11 ! 7 ? ■ anc ^ by standard properties of real 

analytic functions, one proves that the restriction of Aj to S' R (2k,n) x SB+ 
is real analytic. Thus is real analytic from S' R (2k,n) x <9B„ to R for all 
j £ N (see also the proof of Proposition 15.21 where a similar argument has been 
exploited to show the real analyticity of the functions A , A^, and C"). 
Moreover, 

4(a, -6) = (-lyA^a, 9) V(a, 9) G <jk(2Jfe, n) x 9B„ , j G N . 

Then, by inequality (JTTJ) and by definition (|33|) one verifies that the series 

00 

converges absolutely and uniformly in the compact subsets of S' R (2k ) n) x 9B„ x 
R. Now let h G {1, . . . , n}. Then one has 

d Xh {\x\ 2k+1+i Ak + M> x l\ x \)) = H 2fc+, '4ft.j(«,*/W) 

for all (a, x) G S R {2k, n) x (R™ \ {0}) and j G N, where A^ +J is the real analytic 
function from g R {2k,n) x 9B„ x R to R defined by 

= + (2fc+ 1 + j)^4 fe+J .(a,0) 

for all (a,0) G £ R (2k,n) x <9B„ and j G N (see also (JTJ) and Lemma [XT]). Note 
that 

A) h ( & ,-9) = (-iy +1 Af( &1 9) V(M) 6 ^(2fc,n) x 5B„ , j G N. 

Moreover, by standard properties of real analytic functions one verifies that the 
series 

00 00 

3=0 3=0 

converges absolutely and uniformly in the compact subsets of S' R (2k ) n) x dM n x 
R, which in turn implies that the series 

00 

£^ + .(a,0) 
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converges absolutely and uniformly in the compact subsets of S' R (2k, n) x <9B„ x 
R. Then, by an induction argument on the order of differentiation one proves 
that there exist real analytic functions fj from S R {2k,n) x <9B„ to R such that 

A ( " +1)/2 (M 2fe+1+ ^W f WM)) - \x\ 2k - n+ >f 3 (a,x/\x\) (34) 
for all (a,x) G S R (2k,n) x (R n \ {0}) and all j G N. Further, one has 
/,(a, -9) = (-l)Vj(a, 9) V(a, 0) G # R (2k, n) x 5B„ , j G N 
and the series 

oo 

converges absolutely and uniformly in the compact subsets of <S R (2k : n) x <9B„ x 
R. Hence one verifies that 

A( n + 1 )/ 2 W (a,aj) 

OO 

OO OO 

= g A (n+i)/a ( N ^+i+^ fe+J (a,*/|*|)) = M 2 *"" $>|'/i(a,*/|*|) 
j'=o j=o 

for all (a,x) G S R {2k,n) x (R" \ {0}). Then, by equality A^ 1 )/ 2 W ( a , x) = 
\x\ ~ n A(a, x/\x\, \x\) and by standard properties of real analytic functions it 
follows that 

oo 

A{a,9,r) = ^V/^a,!?) V(a,0,r) G S R {2k,n) x dM n xl. 
j'=o 

Thus the proof for n odd is complete. 

Now consider the case of dimension n even. By Proposition 15.21 one has 
W x {a,x) = \x\ 2k A$(a,x/\x\, \x\) + log\x\ B*(a,x) with A^ real analytic from 
i R {2k,n) x <9B„ x 1 to I and real analytic from S R {2k,n) x R" to R. If 
ft, G {1, . . . , n}, then one verifies that 

d Xh Wi{a, x) = \x\ 2k - 1 A^ h {a, x/\x\, \x\) + log \x\ B^ h {a, x) 

for all (a, x) G S' R {2k 1 n) x (R™ \ {0}), where j4* ,?1 is the real analytic function 
from S R {2k, n) x <9B„ x R to R defined by 

A SJl {a, 9, r) = 2k9 h A s (a, 9, r) + 9 h rd r A* (a, 9, r) + % h A s (a, 9, r) + 9 h B s (a, r9) 

for all (a, 9, r) G S' R (2k, n) x <9B„ x R and where _B*'' i is the real analytic function 
from S R {2k, n) x dM n x R™ to R defined by 

B SJl (a, x) = d Xh B t ' h (a, x) V(a, x) G n) x R" 
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(see also ([7]) and Lemma IXTt . Hence, by an induction argument on the order 
of differentiation one verifies that there exist real analytic functions A from 
S' R {2k, n) x <9B n x R to R and B from <S R {2k, n) x R™ to R, such that 

A n / 2 Wi(a,a:) = |a;| 2fe - n A(a, x/\x\, \x\) + log |x| B(a, x) 

for all (a, x) G g R {2k, n) x (R" \ {0}). Since W 2 (a, x) = C* J (a, x) for all (a, x) G 
(a,x) G & R (2k,n) x (R™ \ {0}) with C real analytic from S R (2k,n) x R" to R 
(cf. Proposition 15.21) . one deduces that equality ([5Uf for n even holds with A, 
B as above and C(a, x) = A"/ 2 C B (a, i) for all (a, x) G <? fl (2fc, n) x R" (see also 
Theorem leTT]) . 

To complete the proof in the case of dimension n even, one has now to show 
the existence of the families of functions {fj}jeft an d {ba}\ a \>sup{2k-n.o} as m 
the statement. By Proposition ^. 41 by definition (fK))) . by the inequality in (JTTJ) , 
and by the dominated convergence theorem, one has 

oc 

Wx(a,x) = W hj (a,x) V(a,x) G £ R {2k,n) x (R™ \ {0}) 

j=2k 

with 

Wi,j(a, x) = -j^hy^ J dBn -^JT^- ( x ■ O j lo S \ x ■ £1 dcr e 

for all (a, x) G S R {2k, n) x (R n \ {0}) and j G N. Let A] and B\ be the functions 
defined by 

4(a, Q = ^ (' • # ^ I* • fl (35) 

for all (a,0) G S R (2k,n) x dM n and all j G N, and 

B»(a, x) = --i— / (x • da c V(a, s) G £ R (2k, n) xl" , j G N . 

(36) 

Then one has 

Wi,j(a,x) = |x| J 'A*.(a,a;/|a;|) +\og\x\B](a,x) 

for all (a, x) G S R {2k, n) x (R™ \ {0}) and j G N. By arguing so as above for A b j 
one proves that Aj is real analytic from § R (2k, n) x dM n to R for all j G N. By 
Lemma 12.11 and Proposition 14.41 one verifies that also Bj is real analytic from 
£ R {2k,n) x dW l to R for all j G N. Further, one has 

A]{a, -9) = (-l)^J(a, 9) V(a, 9) e S R {2k, n) x dM n , j G N 

and 

B\ (a, tx) = t?B] (a, x) V(a, x) G § R (2k, n) x R" , t G R , j G N . 
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Hence one deduces that there exist real analytic functions b$ a from S' R (2k,n) 
to R, for all a G N n , such that sj(a,x) = T,\ a \=j b l( a ) xa for a11 ( a ' x ) e 
£ R {2k,n) x R™, j e N. Also note that $ a = for |a| < 2fc - 1. Then, by the 
inequality in p7|) one proves that the series 

oo oo 

5>^L +J .(a,0,r) and ]T ^(a)x Q = £ B» fe+ .(a, x) 

J=0 |a|>2fc J=0 

converge absolutely and uniformly in the compact subsets of S R (2k, n) x 9B„ x R 
and of $ R (2k, n) x R™, respectively. Now let ft G {1, ... , n}. Then one has 

(a, x/\x\, \x\) +log|x|s| fc+i (a, *)) 
= H afc - 1+ ^ J (a,a:/| a :| > |x|) +log|x|B^ + .(a ) x) 

for all (a, x) G <o R {2k, n) x (R n \ {0}), where Aj is the real analytic function 
from & R (2k, n) x <9B„ x R to R defined by 

4^' l (a, 9, r) ee i^A».(a, 0, r) + h r0 r 4j(a, 0, r) + # flfc A*.(a, 0, r) + fc Bj(a, r0) 

for all (a, 0, r) G <£n(2fc, n) x 9B„ x R and all j G N, and where s]'' 1 is the real 
analytic function from § R {2k 1 n) x dM n x R™ to R defined by 

B*' h (a,20 ee d Xh B i (a,x) V(a,x) G <? fl (2fc,n) xR"j'eN 

(see also (|7]) and Lemma l3Tj) . Note that 

4 h (a, -0) = (-ly-iA^faB) V(a,0) G £ R (2k,n) x dB„ , j G N 

and 

Bf h (a,tx) = t?~ 1 Bf h (a,x) V(a,x) G £ R (2k,n) x R n , f G R, j G N. 

It follows that there exist real analytic functions b^ h from $ R (2k, n) to R, for all 
a G N", such that sf+^a, x) = E| Q |=j ^ h (a)a; Q for all (a, x) G S R {2k 1 n) x R", 
j G N. Also note that bfc h = for |a| < 2k - 2. Further, the series 

OO OO 

H>2fc-1 j=0 j=0 

converges absolutely and uniformly in the compact subsets of S' R (2k,n) x R" 
and the series 

oo 
3=0 

OO OO 

= {% h +r9 h d r )Y j r 2k+] A\ k+J (a,9) + 9 h J2 4k+M> r9 ) 

3=0 j=0 
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converges absolutely and uniformly in the compact subsets of S R (2k, n) x <9B„ x 
R. So that the series 

oo 
3=0 

converges absolutely and uniformly in the compact subsets of <o R (2k, n) x dM n x 
R. Then, by an induction argument on the order of differentiation one verifies 
that there exists real analytic functions fj from S' R (2k, n) x dM n to R with j 6 N 
and real analytic functions b a from S' R (2k,n) to R with a£N°, such that 



A"/ 2 (\x\ 2k+ *4 k+j (a, x/\x\,\x\) + log \x\B* k+j (a, x) 

H*| 2fc ~ n+ ^(a,s/M)+lQg|z| £ b a ( a )x a (37) 

\a\—2k — n-\-j 

for all (a,x) e S R {2k,n) x (R™ \ {0}) and all j G N. Here we understand that 
H\<x\=2k-n+j b a{a.)x a — if 2fc - n + j < 0. Further, one has 

/,(a, -0) = (-l)Vj(a, 9) V(a, 0) e <^(2fc, n) x cffl„ , j e N 
and b a — if |a| < 2fc — n. The series 

oo 

JV'/^M) and ^ & a (a)x Q 

j=0 |a|>sup{2fe-n,0} 

converge absolutely and uniformly in the compact subsets of S' R (2k, n) x 9B„ x R 
and of <S R (2k, n) x R™, respectively. Thus 



(OO OO \ 

E M 2fe+J A +J (a, */M> 1*1) + log \x\ E Sl fc+j (a, x) 

= f; A"/ 2 (V| 2fe +^ fe+j (a, , \x\) + log (a, xj) 

3=0 

OO 

= N 2fc -"^| a; p/ j (a,a ; /|a ; |)+logH £ b a ( a )x a 

3=0 a|>sup{2fc-n,0} 

for all (a,ar) e S R {2k,n) x (R™ \ {0}). Then, by equality A"/ 2 VFi (a, x) = 
|x| 2fc_I M(a, x/|x|, |x|)+log |x|-B(a, x) and by standard properties of real analytic 
functions one verifies that 

oo 

A(a,6,r) =^2r i f j (a.,e) V(a,(9,r) e S R {2k,n) x <9B„ x R 



and 



B(a, x) = ^ 6 Q (a)x Q V(a, x) e # fl (2A;, n) x R™ . 

a|>sup{2fc-n,0} 
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The proof of the theorem is now complete. □ 

In the following Theorem 16.31 we introduce a real analytic function So from 
$ R {2k, n) x (M n \ {0}) to R such that So (a, •) is a fundamental solution of the 
principal term Lo[a] of the operator L[a], for all a G S R (2k,n) (see also (j4])). 

Theorem 6.3. Let {fj}jeN and {6a}| Q |> S up{2fc-n,o} be as ^ n Theorem 1 6. 6 A Let 
So be the function from S' R (2k,n) x (R n \ {0}) to R defined by 

So(a,x) = |xr-'7o(a,z/M) + logM £ b a (a.)x<* 

\a\— 2k— n 

for all (a, a;) G S' R (2k 1 n) x (R™ \ {0}). Then Sq(sl, •) zs a fundamental solu- 
tion of the homogeneous operator Lo[a] for all fixed a G S' R (2k,n) (note that 
X)|a|=2fc-n ^al 3 -) 2 '" — if n is odd or > 2k + 1). 

Proof. Let wo be the function from (o R (2k, n) x R" x <9B„ x R to R defined by 

«b(«.^.*) = - W -(«'f-*) = (2fc )!f b [a](fl (38) 

for all (a, G S R {2k,n) x R" x <9B„ x R (cf. Proposition O]). Then one 

verifies that Vq is the unique real analytic function from S' R (2k, n) x R™ x <9B„ x R 
to R such that L [a]« (a,a;,£,t) = 1 for all (a, £,£,*) G S" R (2k, n) x R™ x <9B„ xM 
andd> (a,x,£,f) = for all (a, £,£,£) G S R (2k, n) x R" x <9B„ xR with x-£ = t 
and for all a G N™ with \a\ < 2k — 1 (see also Proposition [472]) . Let Wo, Wi, 
and W 2 be the functions from S R {2k,n) x (R" \ {0}) to R defined by 

Wo (a, a:) = 1 / / v (a,x,£,t)sgntdtdo-£, (39) 
4(2tti)" p« 7 aBn J 

Wi(a,x) = - 1 / u (a,a;,^0)log|x-C|^f , (40) 

(27Tl)" P« J aBri 

(2^)™-p- J m J t ^ v J 

for all (a, a;) G S' R (2k, n) x (R n \ {0}). If the dimension n is odd, then Theorem 
EHmrplies that the function A(" +1 )/ 2 W (a, •) is a fundamental solution of L [a] , 
for all a G £ R (2k,n). Moreover, by §5$, O, ©, (03), and by a straight- 
forward calculation, one verifies that A(" +1 )/ 2 Wo(a, x) = \x\ 2k ~ n fo{a., x/\x\) 
for all (a, x) G S R {2k,n) x (R n \ {0}). Hence the validity of the theorem 
for n odd is proved. Now let n be even. Then one can verify that W2(a, ■) 
equals a polynomial function of degree 2k on R™, for all fixed a G & R {2k 1 n). 
Thus Lo[a] A™/ 2 W2(a, •) = because the operator Lo[a]A"/ 2 is homogeneous 
of order 2k + n > 2k + 1. Hence, Theorem 16.11 implies that the function 
A"/ 2 Wi(a, •) is a fundamental solution of Lo[a] for all a G S' R (2k,n). More- 
over, by (|3l)j) . (j3l)|) . ([57]) . ([3"5]). (HfJl) . and by a straightforward calculation, one 
verifies that A"/ 2 W 1 (a,o;) = |a;| 2fe - n /o(a, x/\x\) + log \x\ E| a |=2fc-n b a (n)x a for 
all (a, x) G i R {2k, n) x (R n \ {0}). Now the proof is complete. □ 
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7 The single layer potential v[a, /i] 

In this section we show some properties of the single layer potential v[a, fj] 
corresponding to the fundamental solution S(a, •) introduced in Theorem 16.21 
(see also definition (0). We introduce the following notation. Let a G <ofl(2fc, n). 
Let n G C m -^ x {dn). Let (5 G N™ and |/3| < 2fe - 1. Then Vp[a,fj] denotes the 
function from R™ to R defined by 



where the integral is understood in the sense of singular integrals if x G dQ and 
|j8| = 2fc - 1. Thus, for = (0, . . . , 0) one has 



Moreover, by standard theorems on differentiation under integral sign one veri- 
fies that 

v^[a,fj](x) = d^v[a,fj](x) Vx G R" \ <9ft , (3 G N" , |/3| < 2fc - 1 . (42) 

Then, the following Theorem [7Tl implies that u[a,/i] G C 2fe_2 (M n ) and that 
9fw[a, /x] = ^ [a, At] in the whole of K" for all /3 G N" with \/3\ <2k-2. 

Theorem 7.1. Le£ a G £ R (2k,n). Let /x G C™"^^). Lef /3 G N n , \fi\ < 
2k - 2. Then, vp[a,n] G C 2,c ~ 2 ~^l (R™) and d%v[a, fj](x) = ^ [a, /x] (a;) /or all 
x G R". 

Proof. Let B be the function in Theorem 16.21 By standard properties of real 
analytic functions one verifies that the function from S , n(2k, n) x dM n x (R\ {0}) 
to R which takes (a, 9,r) to r~( 2k ~ n ^ B(a, rff) extends to a unique real analytic 
function B from §R(2k. n) x <9B n x R to R. Then by Theorem 16.21 one has 

S(a, x) = \x\ 2k - n A(a, x/\x\, \x\) + \x\ 2k ~ n log \x\B(a, x/\x\, \x\) + C(a, x) 

for all (a, x) G S B {2k, n) x (R™ \ {0}). Now let h G {1, . . . , n}. Then a straight- 
forward calculation shows that 

d Xh S(a, x) 

= Ixp^-M^a^/lxUxD + lxl^-MoglxlB^a^/lxUxD+^^x) 

for all (a, cc) G ^fj(2fc,n) x (R" \ {0}), where Ah and -B?,, are the real analytic 
functions from £n(2k, n) x 9B„ x R to R defined by 

A h (a, 9, r) = % h A(a, 9, r) + r6 h d r A(a, 9, r) + (2k - n)6 h A(a, 9, r) + 9 h B(a, 9, r) , 
B h (a, 9, r) = % h B[a, 9, r) + r9 h d r B(a, 9, r) + (2k - n)9 h B(a, 9, r) , 

for all (a,9,r) G Sn(2k 1 n) x <9B„ x R (see also Lemma [3.11 and equality ©). 
Then, by an induction argument on the order of differentiation one verifies that 




n 



«(o,...,o)[a,/i] = v[a,fx] . 
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for all a G N" there exist real analytic functions A a and B a from <^(2fc, n) x 
<9B„ xltol such that 

d«S(a, x) 

= \ x \ 2k - n -^ A a (a,x/\x\, \x\) + |x| 2fc -"- |Q| log \x\B a (a,x/\x\, \x\) + 9£C(a, x) 

for all (a,x) G S R {2k,n) x (R" \ {0}). In particular, d%S(a,x) = o{\x\ 2 - n - 1 ' 2 ) 
as |x| — > + for all a G N" with \a\ < 2k — 2. Then, by the Vitali Convergence 
Theorem one can prove that the function v a [a, fj] is continuous on R" for all 
a G N™, |a| < 2k — 2 (see also Folland |TTj Proposition 3.25] where the continuity 
of the single layer potential corresponding to the fundamental solution of the 
Laplace operator is proved, but the proof for v a [a, n] is based on the same 
argument). Then, by the Divergence Theorem one verifies that 

4>{x)v a [a, fj](x) dx 

(p(x)v a [a, fj] (x) dx + / 4>(x)v a [a, n](x) dx 

n JR™\clf2 

(d"4>(x))v[a, fx](x) dx 

for all smooth function <fi from R™ to R with compact support (see also (1421) ). 
Hence, d"v[a,/j] = v a [a, fi] in the sense of distributions on R". Then a stan- 
dard argument based on the convolution with a family of mollifiers shows that 
v[a,n] € C 2k ~ 2 (R n ) and that d£v[a,n](x) = v a [a,n]{x) for all ieB" and for 
all aeN" with |a| < 2k - 2. Thus d?v[a,n} G C 2k - 2 -^(R n ) and the validity 
of the theorem is proved. □ 

As we have seen in Theorem 17. 1[ v[a, fi] is a function of class C 2k ~ 2 . In 
Theorem 17.61 here below we show that the restriction of w[a, /i] to SI can be 
extended to a function of class C rn+2k ~ 2,x from chl to R (a similar result holds 
for the restriction of v[a, fi] to the exterior domain R" \ chl in a local sense 
which will be clarified) . In order to prove Theorem 17.61 we exploit an idea of 
Miranda (cf. [23l §5]). Accordingly, we first state in Theorem 17.21 a result by 
Miranda (cf. [23l Theorem 2.1]). 

Theorem 7.2. Let K G C 2m (R" \ {0}) be such that 

K{x) = \x\ 1 - n K{x/\x\) Va;eR"\{0}, (43) 

and 

I K{rf) da v — for every hyper-plane TL o/R™ which contains 0. (44) 
JnndB n 

Let p[fi] be the function from R" \ dfl to R defined by 

p\p](x)= K{x-y)ii(y)da y Vx G R" \ dfl 
Jon 

for all n G C m ~ 1,x (dfl) . Then the following statements hold. 
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(i) The restriction p\p]\Q extends to a unique continuous function p + [jj] on 
c\il for all u G C m_1 ' (9f2). The map which takes /i to p + [p] is continuous 
from C m ~^ x {dn) to C m -^ x (c\n). 

(ii) The restriction p\p]m. n \cid extends to a unique continuous function p~ [/j] 
on R" \ n for all n G C m_1 ' A (dft). If R g]0,+oo[ and c\il is contained 
in RM n , then the map which takes [i to p~\]^\\ c \(jm n )\^i * s continuous from 
C m -^(dn) to C""- 1 ' A (cl(i?B„) \ Q). 

We now introduce in the following Lemmas I7.3H7.5I some technical results 
which are needed in the proof of Theorem 17.61 

Lemma 7.3. Let j, q € N, q > 1. Let a G W 1 and \a\ = q — 1. Let f be a real 
analytic function from <9B„ to R such that f(—9) = (— for all 9 G dM n . 
Let K(x) ee d%(\x\ q - n f(x/\x\)) for all iel" \ {0}. // the sum j + q is even, 
then K satisfies the conditions in (|43[) and (|44l) . 

Proof. The lemma clearly holds for q = 1 and j odd. Let q > 2. Then, 
one has d Xh (\x\ q ~ n f (x / \x\)) = \x\ q - n - 1 g h (x/\x\) for all x G R™ \ {0} and all 
h G {1, . . . , n}, where gt is the real analytic function from <9B„ to R defined by 
g h {6) = %J{9) + (q- n)9 h f{9) for all 9 G dM n and h G {1, . . . ,n} (see also 
Lemma [3.11 and equality (J7J). Moreover, one has <?/i(— #) = (—iy +1 gi l (9) for 
all 9 G <9B„. Then, by an induction argument on the order of differentiation 
one shows that there exist real analytic functions gp from <9B„ to R such that 
dP{\x\ q - n f(x/\x\)) = \x\ q - n -^gp{x/\x\) for all x G R™\{0} and for all (5 G N n . 
Moreover, gp(-9) = (-l) j+W gp(9) for all 9 G <9B„ and for all fi G W 1 . Now the 
validity of the lemma follows by taking /3 = a, by assumption |a| = g — 1, and 
by a straightforward verification. □ 

Lemma 7.4. Let j G N. Let a G N" and a| = n+j — 1. Letp be a real homoge- 
neous polynomial function from R™ to R o/ degree j . LetK(x) =d"(p(x) log | a; | ) 
for all x G R™ \ {0}. If the dimension n is even, then K satisfies the conditions 
in (03} and (Effl . 

Proof. One has 

d%(p(x) log |s|) = ^ (^-«p(s)) (^'log|x|) 

= log |x| + ]T (V Q (V log |x|) Vx G R" \ {0} . 

(45) 

Let now (3 G N™. If < j, then <9^p is a homogeneous polynomial function 
of degree j — \j3\. If instead \j3\ > j, then <9^p = 0. Moreover, if |/3| > 0, then 
there exist /3',l G N™ with t| = 1 such that /3 = f3' + l. Thus d^\og\x\ = 
d@ (d x \og\x\) = d% (\x\~ 1 (x/\x\) L ). Then, by arguing so as in the proof of 
Lemma 17.31 it follows that there exists a real analytic function hp from <9B„ to 
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R such that such that log \x\ = \x\-\^hp(x/\x\) for all x G R" \ {0} and such 
that hp(-0) = (-l)^hfj(e) for all 6 G dM n . Thus equality (g5J| implies that 
d£(p(x) log x|) = q(x)log jx + |xp _ ' a '<7(x/|x|) for all x G R ra \ {0} where q is 
a real homogeneous polynomial function of degree j — \a\ from R™ to R and g 
is real analytic function from dM n to R such that g{—0) — ( — 1) J— ' Q '.g(6') for all 
9 G dM n . Now, by the assumption \a\ = n + j — 1 and by a straightforward 
verification the validity of the lemma follows. □ 

Lemma 7.5. Let j G N, j > 1. Let F, G 6e reaZ analytic functions from 
dM n x I to I. Lei H be the function from R n \ {0} to R cfe/med &y iT(x) = 
|xp'F(x/|x|, |x|) + \x\ j log |x|G(x/|x|, |x|) for all x G R™ \ {0}. JTierc i? extends 
to an element ofC j - 1 (R n ). 

Proof. The statement clearly holds for j = 1. Let j > 2. Then one notes that 

a^JTfc) = l^r^Or/H, |x|) + \x\i- 1 log |x|G h (x/|x|, |x|) Vx G R™ \ {0} 

for all Z G {1, . . . ,n}, where i 7 ^ and Gh are real analytic functions from dM n x 
R to R. Then by arguing by induction on j one proves the validity of the 
lemma. □ 

We are now ready to state and prove Theorem 17.61 

Theorem 7.6. Let a G d>R(2k,n). Then the following statements hold. 

(i) The map which takes ji to v[a, p]\ c m is continuous from C m ~ 1,x (d£l) to 
C m+2k - 2 ' x (clQ). 

(ii) Lf R > is such thatclfl C RM n , then the map which takes [i to v[a, At]| c i(iiB„)\f2 
is continuous from C m ~ 1 ' X (dd) to C m+2k ~ 2 > x (c\(RM n ) \ fl). 

Proof. Let A, B, G, {fjjjeth {b a }\ a \> sup {2k-nfi} be as in TheoremJO Then 

m-\-n—l 

S(a,x) = ]T / J (a,-T/|x|)|x| 2 ' £ -" +J + £ b a (a)x a log |x| 

(46) 

+ |xr+ 2fe v4 a , m (x/|x|, |x|) + |xr +2fe log|x|5 a , m (x/|x|, |x|) + G(a,x) 

for all x G R n \ {0}, where A a>m and -B ajTn are real analytic functions from 
<9B„ xRtol. 

Note that the terms fj(a, x / \x\)\x\ 2k ~ n+: > which appear in (|4T>1) are functions 
of the form considered in Lemma 17.31 Accordingly, the function which takes 
x G R" \ {0} to ^(/j(a,x/|x|)|x| 2fe -™ +J ) satisfies the conditions in (03J) and 
(|44|) for all /? G N" with |/3| = 2k - 1 + j. Hence Theorem I7T21 implies that the 
map from G m_1 ' A (9il) to G m_1 ' A (clf2) which takes \i to the unique extension 
to clO of 

f de(f j (a,(x-y)/\x-y\)\x-y\ 2k - n+ i)»(y)do- y Vx G Q 
Jan 
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is continuous for all j3 £ N n with \j3\ = 2k — 1 + j. Then by the continuous 
embedding of C m+2k ~ 2+ ^ x {c\Vt) in C m+2k - 2 ' X {c\n) and by the equality 

9f / fi (a, (x - y)/\x - y\) \x - y\ 2k - n+ ^(v) da y 
Jon 

= f d£ (fi (a, (x - y)J\x - y\) \x - y\ 2k - n+ >) »(y) da y V^O 
Jon 

one deduces that the map from C m ~ 1 ' X {dQ) to C m+2 ' £ ~ 2 ' A (clf2) which takes \x 
to the unique extension to clS7 of 

/ f j (a,(x-y)/\x-y\)\x-y\ 2k - n +^(y)da v V.efi 
Jan 

is continuous. Similar result one has if clil is replaced by cl(i?B„) \ ft. 

Now consider the terms b a (a)x a log \x\ which appear in (|46|). By Lemma 
17.41 one verifies that d^(b a (a)x a log |a;|) satisfies the conditions in (|4l?)) and (|44l) 
for all /? £ N n with \j3\ = n + \a\ — 1. Then, by the continuous embedding of 

cm -l+(n+\ a \-l),\( c lty m C .m+2fc-2,A ( - clfi ) and by arguing SQ ag above for the 

terms fj(&,x/\x\)\x\ 2k ~ n+: >, one can prove that the map from C m ~ 1:X (dil) to 
C m+2 ' (clfi) which takes /i to the the unique extension to c\il of 

/ b a (a) (x - y) a log \x - y\ n{y)da y Vx 6 fi 

is continuous. Similar result one has if clf2 is replaced by cl(i?B„) \ ft. 
Finally note that the term 

\x\ m+2k A a , m (x/\x\, \x\) + \x\ m+2k \og\x\B a , m (x/\x\ 7 \x\) 

in (|46p is a function of the form considered in Lemma 17.51 and hence extends 
to an element of C m+2k ^ 1 (R n ). Moreover C(a, •) is real analytic from R n to K 
and thus in C^+^^R"). 

Thus, by equality (|46[) . and by standard theorems on differentiation under 
integral sign, and by the continuity of the embedding of C m+2k ~ 1 (K") into 
C m+2fc_2 ' A (R™), one completes the proof of the theorem. □ 

As an immediate consequence of Theorem 17.61 and of equality (|42l) . one 
verifies the validity of the following Corollary 17.71 

Corollary 7.7. Let a e g R (2k,n). Let [i E C m -^ x {dVL). Let (5 e W, \fi\ = 
2k — 1. Then the following statements hold. 

(i) The restriction vp[a, /i]| f2 extends to a unique continuous function vt [a, /j] 
on clSl which belongs to C m ~ 1,A (chl). 

(ii) The restriction vp[a, ^]|Rn\ c io extends to a unique continuous function 
Vp[a,fi] on R n \fl and t£ [a,/*]|cl{Jai„)\n € C TO - 1 ' A (cl(iZB n ) \ ft) for all 
R>0 such that clQ, C HB n . 
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Finally, we consider in the following Theorem l7.8l the jump properties of the 
single layer potential v [a, /i] . 

Theorem 7.8. Let a E £{2k,n). Let /i G C m - i x (dfl). Let £ N" and 
|/3| = 2k — 1. Let Ug~[a, /i] and [a, /i] oe as in Corollary \7.7\ Then 

vf [a, n](x) = T 9 p 7^ „ + t>g [a, /i] (x) VxedQ, (47) 

where isq denotes the outward unit normal to the boundary o/O. 
Proof. Let So (a, •) be the function in Theorem 16.21 and 

UD jj9 [a,A*](s)= / d^S (a,x-y)^{y)da y Vx £ R™ \ <9f2 . 
Jan 

Since So (a, •) is a fundamental solution of the homogeneous operator Lo[a], 
Corollary 17.71 implies that Vo,p[a, fj]\Q and Vo t p [a, /i] iRn\ c iq extend to unique 
continuous functions v^Ja, fj] on clO and Vq p[a, fi\ on R™ \ fi, respectively. 
Moreover, 



%3 [ a > ^] (a) = T 2Po r a j / n / ^ mO) + v o,p [a, /i] (g) Vie9fl (48) 

(cf., e.g., Mitrea [21 pp. 392-393], see also Cialdea [1 §2, IX], [4] Theorem 3]). 
Now let 

S^a, x) = S(a, x) - S (a, a?) V.t e R™ \ {0} 

and define 

v^a, n](x) = d^Soo{a : x-y)^{y)da y V:reR"\<9ft. 
Jan 

Thus 

[a, n] = vo,p [a, jti] + Voo,p [a, /u] . (49) 
By Theorem 16.21 and by a straightforward verification, one has 



Soo(a, x) 

= \x\ 2k+1 - n A QO {a,x/\x\ : \x\) + \x\ 2k+1 - n loglxlBooix/lxllxl) + C(sl,x) 

for all x £ R™ \ {0}, where Aoo and L?oo are real analytic functions from 
(5fl(2fc, n) x dM n x R to R. Then, by arguing so as in the proof Theorem 17. II one 
proves that 

X Sqo (a, x) 

= |.T| 2 -"A 0O , (3 (a, x/\x\, \x\) + \x\ 2 - n log IxlA^ia, x/\x\, \x\) + dg C(a, x) 

for all a; G R" \ {0}, where A„o t p and Boo,^ are real analytic functions from 
S , ii{2k,n) x <9B„ x K to R. Then, by the Vitali Convergence Theorem one 
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proves that the function v^p [a, fj] is continuous on R™ (see also Folland [TT1 
Proposition 3.25] where the continuity of the single layer potential corresponding 
to the fundamental solution of the Laplace operator is proved, but the proof for 
Voa.p[d-, fj] is based on the same argument). Hence, by the equalities in (|48[) and 
P5j) one deduces the validity of (gTJ). □ 
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